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The Kondo effect in crossed Luttinger liquids
Karyn Le Hur
Theoretische Physik, ETH-Ho¨nggerberg, CH-8093 Zu¨rich, Switzerland
We study the Kondo effect in two crossed Luttinger liquids, using Boundary Conformal Field
Theory. We predict two types of critical behaviors: either a two-channel Kondo fixed point with a
nonuniversal Wilson ratio, or a new theory with an anomalous response identical to that found by
Furusaki and Nagaosa (for the Kondo effect in a single Luttinger liquid). Moreover, we discuss the
relevance of perturbations like channel anisotropy in restoring a Fermi-liquid-like Kondo fixed point,
and we make links with the Kondo effect in a two-band Hubbard system modeled by a channel-
dependent Luttinger Hamiltonian. The suppression of backscattering off the impurity produces a
model similar to the four-channel Kondo theory. Consequences are discussed.
PACS numbers: 72.10.Fk, 72.15.Nj, 75.20.Hr, 72.15.Qm
I. INTRODUCTION
The one dimensional (1D) conductors differ fundamen-
tally from those in three dimensions, where the low-
energy properties can be described very well by Landau’s
Fermi liquid theory. In 1D, the resulting state is often
of the Luttinger liquid (LL) type [1,2]. The physics of
such low-dimensional systems has received much atten-
tion lately, mainly due to advances in nanofabrication [3]
and the discovery of novel 1D materials such as carbon
nanotubes [4]. The study of magnetic impurities in 1D
unconventional correlated hosts has attracted great in-
terest in the last few years. The Kondo effect in a LL
yields two possible fixed points [5–7]. Either the sys-
tem behaves rather like a Fermi liquid (with a nonuni-
versal Wilson ratio and triplet spin quasiparticles [7]) or
it indeed has the non-Fermi-liquid properties predicted
by Furusaki and Nagaosa [8].
In this paper, we study the Kondo effect in two crossed
Luttinger liquids [9], i.e. two correlated 1D metals cou-
pled in a pointlike manner via a magnetic impurity. An
important question is examined: are the two fixed points
cited above stable when several conducting channels in-
teract through a pointlike Kondo coupling? The geome-
try of our system is shown in Fig. 1. The authors of ref.
[10] have studied the Kondo effect in a two-band Hub-
bard chain modeled by a channel-dependent Luttinger
Hamiltonian. On the other hand, for the most general
two-band problem investigated in ref. [11], a prominent
repulsive Hubbard interaction normally destroys the LL
phase producing a metallic spin-gapped phase with a
leading d-wave order parameter. The resulting Kondo
problem becomes very difficult to handle.
In our case, the two Luttinger liquids are supposed to
be non-interacting [except at the impurity site]. In par-
ticular, we do not include an electron-electron interac-
tion for two particles that belong to different conducting
channels. Further experiments on magnetic impurities
implanted in 1D quantum wires or carbon nanotubes [9]
could provide impetus for studying this model.
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FIG. 1. Two Luttinger liquids coupled only at x=0 via the
Kondo effect. The angle Γ is assumed to remain finite.
II. MODEL
As long as the angle Γ [that is depicted in Fig.1] does
not tend to zero, we can separate the two degenerate
Luttinger liquids and can neglect the electron-electron
interaction between channels with different i (i = 1, 2).
As in ref. [9], we consider that xmeasures deviations from
the magnetic impurity in both conducting channels. In
such sense, we have only one coordinate left.
The Hamiltonian
H = Ho +HU +HK (1)
for this two-channel Kondo model [with left (L) and right
(R) moving electrons per channel] consists of the term for
free electrons:
Ho = vF{ψ†iRσi ddxψiRσ − ψ†iLσi
d
dx
ψiLσ}, (2)
with vF being the Fermi velocity and i = 1, 2 channel
index; an electron-electron (e-e) interaction term:
HU = U jipjip′ , jiL(R) =: ψ†iL(R)αψiL(R)α :, (3)
with U > 0 [12]; and forward and backward scatterings
off the impurity:
1
HK = λF ψ†iL(R)α(0)σαβψiL(R)β(0) · S (4)
+ λB ψ
†
iL(R)α(0)σαβψiR(L)β(0) · S,
where σ are the usual spin-1/2 matrices. For the phys-
ically relevant case, we have λF = λB = λK (the usual
Kondo interaction).
Conduction electrons of one liquid respond to a spin
flip of the impurity caused by the interactions with elec-
trons of the other liquid. In this way, there is an induced
interaction between the liquids. We could also include
another interaction of the form:
λmǫij [ψ
†
iL(R)ασαβψjL(R)β + ψ
†
iL(R)ασαβψjR(L)β ]S, (5)
where ǫij = 1 for i = 1,j = 2 and zero otherwise. First,
we neglect the term in Eq.(5).
We subsequently study this problem by using Bound-
ary Conformal Field Theory (BCFT). The heart of the
method, pioneered by Affleck and Ludwig [13,14], is to
replace the impurity by a scale invariant boundary con-
dition. It was successfully applied to study the low-
temperature properties of a spin-1/2 magnetic impurity
coupled to a LL [5–7], and to solve the Kondo effect in
the particular two-band Hubbard chain of ref. [10].
Below, we shall precisely discuss how the geometry of
Fig. 1 influences the two fixed points found in ref. [10].
III. ONLY FORWARD SCATTERING OFF THE
IMPURITY
We first study the case of only forward scattering off
the impurity, i.e. λB = 0. Let us start with a free electron
gas where U = 0.
A. Four-channel Kondo model with free electrons
To solve this case using BCFT, it is convenient to de-
fine right and left movers on the half-plane x ≥ 0 (see
Fig.1), so that
ψiRα(t, x) ≡ ψiLα(t,−x), (6)
with i = 1, 2, and to confine the system to the finite
interval x ∈ [−l, l]. Fields are left movers only and it is
useful to rename χ1α(x) = ψ1Lα(x), χ2α(x) = ψ1Lα(−x),
χ3α(x) = ψ2Lα(x), and χ4α(x) = ψ2Lα(−x). Keeping
only λF 6= 0 (forward scattering off the impurity) in (3),
it follows:
HF = λFJ(0) · S. (7)
Here, J is the electron spin current density: J(x) =∑k
i=1 χ
†
iα(x)σαβχiβ(x) and k = 4. Note that the infor-
mation about the number of channels is contained in the
commutation rules satisfied by these currents [14], indi-
cating that Ja(x) form an SU(2)k Kac-Moody algebra.
Generally, we must also introduce,
J(x) =
k∑
i=1
χ†iα(x)χiα(x), J
A(x) =
∑
ijα
χ†iα(x)T
A
ijχjα(x),
(8)
where TAij are the generators of the SU(k) group. Thus,
the free Hamiltonian Ho can be rewritten in a suitable
Sugawara form,
Ho = vF
2π
∫
dx
J(x)J(x)
4k
+
J(x)J(x)
k + 2
+
JA(x)JA(x)
k + 2
· (9)
This allows one to formulate the problem entirely in
terms of the electron spin current, J(x). It leads to an
effective four-channel (left-handed) Kondo theory [14].
Briefly, we summarize the arguments below.
The unperturbed problem organizes into a product of
three conformal towers labeled by the quantum numbers
(Q, j, jf ), respectively the charge, the spin, and the flavor
of the system. Starting with an even number of particles
the high-temperature physics is described by the set (Q =
0, j = 0, flavor singlet). For the special value:
λ∗F =
vF
k + 2
, (10)
[the unique solvable point in the isotropic region, which
is commonly identified as the fixed point of the model
[15]], we can absorb the impurity spin by redefining the
spin current as that of electrons and impurity:
J(x)→ J(x) + 2πSδ(x). (11)
For the overscreening Kondo effect, the absorption of the
impurity spin takes place in the weak-coupling limit and
then the groundstate degeneracy g is not exactly 1 as in
the completely screened situation [14], but it takes a non-
integer value smaller than 2 (the groundstate degeneracy
at high temperatures). Then, some extra nonmagnetic
degrees of freedom occur at the impurity site.
Near the fixed point, the Hamiltonian can be written as
the fixed point Hamiltonian plus possible perturbations:
H = HF +
∑
i
γiOi(0). (12)
We can classify all the possible perturbations Oi in the
physical problem according to the representation theory
of the underlying Kac-Moody algebra at the fixed point.
For the overscreening case, non-trivial boundary oper-
ators may appear which do not occur in the bulk theory.
The triplet operator Φ always occurs [14]. This selec-
tion rule describes a new content of boundary scaling
operators. The low-temperature properties are now gov-
erned by the leading-correction-to-scaling boundary op-
erator (LCBO). This must preserve all the symmetries
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of Ho + H∗F . We obtain a unique LCBO: J−1 · Φδ(x),
which has the scaling dimension ∆S = 1 + 2/(k + 2) for
a left-handed theory. Then, adding
δH = γ1J
−1 ·Φ(0), (13)
to the total Hamiltonian, the leading contribution to low-
temperature thermodynamics is second order in γ1. For
k = 4, we have [14]:
Cimp ∼ T 2/3 + ..., χimp ∼ T−1/3 + ... T → 0. (14)
As pointed out by Fabrizio and Gogolin, the same con-
clusion holds at a particular anisotropic Kondo limit,
namely the so-called Toulouse point [16].
B. Role of repulsive interactions in each channel
When U 6= 0, the bulk Hamiltonian HTL can also be
written on a Sugawara form, using the redefinitions [5]
J iL(R)(x) = cosh η : ψ
†
iL(R)α(x)ψiL(R)α(x) : (15)
+ sinh η : ψ†iR(L)α(x)ψiR(L)α(x) :
J
i
L(R)(x) = : ψ
†
iL(R)α(x)σαβψiL(R)β(x) :,
where the currents J ip(x) and J
i
p(x) (where i = 1, 2 and
p = L,R) satisfy the U(1) and (level-1) SU(2)1 Kac-
Moody algebras, respectively and
tanh 2η = U/(vF + U). (16)
They generate the critical Luttinger bulk Hamiltonian:
HTL =
∫ l
0
dx
vc
8π
: J ip(x)J
i
p(x) : +
vF
8π
: Jip(x)J
i
p(x) : .
(17)
Note that HTL is invariant under the chiral symmetry
G = {U(1)L×U(1)R×SU(2)1,L×SU(2)1,R}2. The model
yields separation of spin and charge and the velocity for
charge zero sound modes is given by:
vc = vF
√
1 + 2U/vF = vFK
−1. (18)
The parameter K = e−2η can be identified as the usual
Luttinger exponent. At high temperatures, the spin
quasiparticles, from the SU(2), level-1 Wess-Zumino-
Witten conformal field theory, are the usual spin-1/2
doublets namely spinons [which bring fractional spins].
By analytic continuation, the theory in (17) is equiva-
lent to a chiral (left-handed) theory on [−l, l]. As the four
currents are coupled via S, the forward Kondo exchange
breaks {SU(2)1,L×SU(2)1,L}2 of G down to the diagonal
level-4 subalgebra SU(2)4. For conformal theories with
an SU(2)k symmetry, the free energy is proportional to
the ‘central charge’ defined as [17]:
C =
3k
k + 2
· (19)
Thus, we can decompose a 4× SU(2)1 Sugawara Hamil-
tonian (with C = 4) onto an SU(2)4 one (with C = 2)
and a remainder describing the flavor sector (here, an
SU(2)4 critical theory with C = 2, as well). This anal-
ysis can be routed via the so-called coset construction
[18]. Then, since only the spin sector SU(2)4 is coupled
to the impurity, we predict the same unique LCBO as for
the case without electron-electron interaction [a bound-
ary operator coming from the charge sector or the flavor
one (only) is characterized by a coupling constant which
goes to zero when the ultraviolet cutoff goes to infinity].
Using the general formula of ref. [7], we obtain a Wilson
ratio
RW =
χimpC
χCimp
= 4(1 +K), (20)
where, C and χ are the bulk quantities. It should be
noted that RW is universal only for a perfect isotropic
Kondo exchange [19] and in the limit U → 0: it takes
the value RW = 8 [14].
To conclude, the presence of the electron-electron
interaction makes the Kondo crossover highly non-
universal. The impurity screening leads to a new sym-
metry for the bulk Hamiltonian, and then to new N-
body excitations in the infra-red limit [coming from the
SU(2)4 × SU(2)4 (flavor-spin) sectors]. However, note
that charge quasiparticles with charges Q = ±e, are still
the usual ‘holons’ of the LL.
On the other hand, the low-temperature thermody-
namics due to the impurity screening is still the same
as the one found in the noninteracting case, because the
impurity spin couples only to individual electrons.
IV. BACKSCATTERING EFFECTS
Let us now include λB = λF 6= 0. First, to confirm
that the presence of backward scattering off the impurity
leads to a new fixed point, we start with U = 0. With no
e-e interaction, it is convenient to use the so-called Weyl
basis [10]:
ψi±(x) = [ψ
i
L,σ(x)± ψiR,σ(−x)]/
√
2. (21)
Then, (Ho +HK) transforms into a four-channel Kondo
theory, but with the impurity coupled to the electrons
in only the two positive parity channels, namely ψ1+ and
ψ2+. Thus, we obtain an effective two-channel [20] (left-
handed) Kondo Hamiltonian [10].
Here, it is well-known that the forward Kondo scat-
tering term breaks the SU(2)1×SU(2)1 subgroup of Ho
down to SU(2)2×Z2, where Z2 is a critical theory with a
central charge C=1/2 equivalent to an Ising model [5,7].
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The model renormalizes to a marginal non-Fermi liquid
with logarithmic corrections. It can be simply obtained
by taking γ1 as the unique LCBO (note that ∆S = 3/2
for k = 2). The low-temperature thermodynamics at the
impurity site is given by [14]:
Cimp ∝ T ln(TK
T
) + ..., χimp ∝ ln(TK
T
) + ... T → 0 (22)
When U 6= 0, the e-e interaction mixes left- and right-
moving fields, and hence becomes highly non-local in the
Weyl-basis. Although efforts have been made to handle
consistently the non-local terms appearing from the inter-
action [21], in our problem it is very difficult to describe
the Kondo fixed point in the (ψ1+, ψ
2
+) basis.
However, demanding that any associated LCBO must
correctly reproduce the noninteracting limit as U → 0,
the possible critical theories can be deduced:
(A).— From the spin sector only LCBO with the scal-
ing dimension ∆S = 3/2 can occur. The only contribu-
tion from the SU(2)4 sector is then the identity and its
descendants. This implies a recombination of conformal
towers in the spin sector.
(B).— A LCBO including a charge or a flavor field
unambiguously must be characterized by a scaling di-
mension ∆T → 1 as U → 0 [producing no boundary
correction in the noninteracting limit U → 0].
A. Two-channel Kondo physics when U 6= 0
To guess the precise symmetry of the Hamiltonian in
the critical region, we can use the following points.
First, we can exploit the expectation that the full
Kondo interactionHK can be described as a renormalized
boundary condition (selection rule) onHTL, analogous to
the forward interaction obtained for U = 0. In particu-
lar, λF should scale towards the solvable point λ
∗
F = vF /4
(with k=2) although λB goes to strong couplings when
U 6= 0 orK 6= 1 [see below]. Second, the full Hamiltonian
must also contain an Ising sector.
As an important consequence, when U 6= 0 we must
write the fixed-point HamiltonianH0+H∗F as a C=2 crit-
ical theory with L- and R-movers having an SU(2)2,L ×
SU(2)2,R×Z2 symmetry. The presence of backward scat-
tering off the impurity breaks SU(2)2,L×SU(2)2,R down
to SU(2)2.
Let us now precisely describe the content of scaling
boundary operators. If J1L(R) and J
2
L(R) [given by Eq.
(15)] satisfy the level-1 Kac-Moody algebra, then the di-
agonal currents given by:
JL(R) = J
1
L(R) + J
2
L(R), (23)
satisfy the level-2 one. Thus, we can write the Hamil-
tonian as a sum of an SU(2)2,L × SU(2)2,R Sugawara
Hamiltonian and an Ising model. Such procedure, for
example, has been successfully applied to treat the two-
leg spin ladder problem [22]. We can easily complete
the ‘square’ at the solvable point λ∗F = vF /4 via the use
of the transformation: JL(R)(x) → JL(R)(x) + 2πSδ(x).
The Kac-Moody algebras for channels L and R are no
longer independent. As for the noninteracting U -limit,
λ∗F = vF /4 will be identified as the true fixed point of
the model. However, it should be noted that the recur-
sion law for λF :
dλF
d lnL
=
λF
2
2πvF
+
λB
2
2πvF
− k
2
λF
3
(2πvF )2
+ ..., (24)
does not allow to find the precise forward Kondo ex-
change infra-red value, namely λ∗F . We can only assume
that, as for U = 0, the presence of the last term which
occurs with a minus sign should prevent λF to flow to
strong couplings.
The eigenstates in the SU(2)2,L×SU(2)2,R sector ap-
pear in conformal towers labeled by the spin quantum
numbers j = 0, 1/2, 1. The corresponding primary
fields are the identity 1, the fundamental field g, and
the triplet operator (a 3×3 matrix) Φ = ∑i,j ΦLiΦRj .
They have the scaling dimensions, ∆S =
1
2j(j+1). Sim-
ilarly, there are three primary fields in the Ising sector
given by φ = 1, σ, ǫ with scaling dimensions ∆I given
by 0, 18 , 1, respectively.
In respect to the noninteracting case U → 0, the ab-
sorption of the impurity must give for forward scattering
(j, φ) = (0 or 1,1) [14]. Simply, through the examination
of spin singlets from SU(2)2,L × SU(2)2,R, one obtains
the following LCBO:
δH = γ1{J−1L ΦL(0) + J−1R ΦR(0)}. (25)
By construction, ΦL and ΦR have the halved dimension
1/2. Thus, we can easily check that δH produces a two-
channel-like Kondo fixed point with transport properties
given in Eq. (22). We like to point out the following
remark. Although JL and JR are coupled through the
impurity screening, the symmetry SU(2)2,L × SU(2)2,R
of the total Hamiltonian cannot be broken at the fixed
point because a descendant field J−1p with p = L,R acts
only on a primary field from the p-sector. The same fixed
point has been found for the overscreened Kondo effect
in a two-band Hubbard chain [10], meaning that at low
temperatures the geometry of the system does not affect
spin properties near the impurity. We can check that the
Wilson ratio is universal only when U → 0; it takes the
value 8/3 [14].
B. Generalized tunneling process a` la
Furusaki-Nagaosa
Neglecting the λm term, for each LL the charge eigen-
states organize into a product of two U(1) conformal
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towers, labeled by the two quantum numbers (Qi,∆Qi),
the sum and difference of net charge in the left and
right channels. Introducing the usual charge variables
(i = 1, 2),
(J iL + J
i
R) =
1√
2πK
∂xφci, (J
i
L − J iR) =
√
K
2π
Πci, (26)
the charge part of the free Hamiltonian can be identified
as two independent Luttinger models [1,2].
Now, we must carefully treat backward scattering off
the impurity. Indeed, the corresponding term in (4)
breaks the chiral U(1) invariance of HTL. The selection
rule for combining the two U(1) conformal towers may
change. Thus, ∆Qi is no longer restricted to zero, and
the charge sector should make nontrivial contributions to
the content of scaling operators leading to another pos-
sible fixed point in the critical region.
The backscattering term (4) is usually expressed in the
so-called spinon basis as [6,7]
HB = λB
∑
i=1,2
{Tr(giσ) cos√2πφci(0)} · S, (27)
and the spin operators gi ∈ SU(2)1,L × SU(2)1,R. Using
simple scaling arguments (with L ≡ 1/T ):
dλB
d lnL
=
1
2
(1−K)λB +O(λBλF
πvF
), (28)
we find that prominent backscattering off the impurity
supports a Kondo effect for ferromagnetic as well as an-
tiferromagnetic Kondo exchanges [23]. The Kondo tem-
perature yields the same power-law dependence on the
exchange coupling TK ∝ λB2/(1−K) as for the single LL
case [8,24]. To summarize, when K 6= 1 the flow of
λB 6= 0 goes to infinity whereas the forward Kondo scat-
tering exchange scales to the precise intermediate value
given by Eq. (8), with k=2.
When T ≪ TK , we have the formation of a bound state
(with spin S=0) between any electron near the Fermi
level and the impurity spin. However, a nonmagnetic
extra degree of freedom remains at the impurity site be-
cause λ∗F is not too strong [let us remind that only the
forward Kondo exchange can really absorb or screen the
impurity spin]. Precisely, for k = 2, the groundstate de-
generacy is exactly g =
√
2 [14], and it can be interpreted
as a residual Majorana fermion at the origin [25].
On the other hand, the fact that λB → +∞ can be
interpreted as follows. In the infra-red region, the co-
sine terms of Eq. (27) become pinned at the origin and
〈cos√2πφci(0)〉 = constant or φci(0) =
√
π/2 [7]. Sim-
ply, it means that the charge quasiparticles (holons) move
completely away from the origin [despite the relatively
weak value of the forward Kondo exchange at the fixed
point], due to the concrete spin-charge separation occur-
ring in a 1D metallic wire for K 6= 1: only spin degrees
of freedom couple to the impurity in the infra-red region.
Finally, since a bound state between an electron of the
Fermi sea and the impurity spin acts as a strong non-
magnetic barrier at x = 0 and since λB → +∞, exotic
tunneling phenomena can take place. In the infra-red
limit, we must decompose the backscattering term λB
(written via g1 and g2) in the (Ising)⊗g basis (which has
been used to absorb the impurity spin). After some com-
plicated algebra, the result is [22]:
Tr(g1σ) + Tr(g2σ) =
√
2Tr(gσ) · σ. (29)
The lowest dimension operator with ∆Qi 6= 0 al-
lowed by the forward selection rule is obtained from
(Qi,∆Qi, j, φ) = (0,±2, 0,1), has the scaling dimension
1/2K and can be written as: cos
√
2πφ˜ci(0). Then, pos-
sible couplings of SU(2)2 and Ising towers to the U(1)
towers yield the following candidate LCBO:
δH = γ2Tr(gσ) · σ
∑
i=1,2
cos
√
2πφ˜ci(0), (30)
and γ2 ∝ 1/λB. Such term describes a collective tun-
neling process of two electrons (one in each LL), which
breaks the spin singlet at the impurity site.
Since there is no Hubbard coupling between channels
1 and 2, a tunneling phenomenon including a renormal-
ized (channel-dependent) LL charge parameter cannot
occur. This is the main difference with the Kondo ef-
fect in a two-band Hubbard chain [10]. Here, physical
properties exhibit an exact duality between high- and
low-temperature fixed points, replacing K → 1/K [7].
We can check that such an operator with scaling dimen-
sion ∆T =
1
2 (
1
K + 1) [which goes to 1 as U goes to zero]
shows the same anomalous scaling in temperature as the
one predicted by Furusaki and Nagaosa for the Kondo
effect in a LL [8]. Thus, the impurity specific heat and
the conductance also exhibit the same anomalous tem-
perature dependence with a leading term (at T → 0):
Gimp(T ) ∝ T (1/K)−1, Cimp(T ) ∝ T (1/K)−1, (31)
which vanishes when K → 1 [5,7,8] i.e. for the noninter-
acting case. The current-voltage curve associated with
this tunneling process obeys:
G(V ) ≡ dI
dV
∝ |V |(1/K)−1, (32)
[thermal energy has been replaced by electric energy].
When K = 1 a linear I-V curve is predicted, consistent
with expectations for non-interacting electrons which are
partially transmitted through a nonmagnetic barrier. For
K 6= 1, we obtain
I ∝ |V |1/K , (33)
and then the linear conductance is strictly zero. This is
a simple reflection of the suppressed density of states in
a LL.
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V. CONCLUSIONS AND DISCUSSIONS ON
RELEVANT PERTURBATIONS
Summarizing, we have studied the low-temperature
properties of a spin-1/2 magnetic impurity coupled to
two crossed conducting channels, each described by a
Luttinger model. Using Boundary Conformal Field The-
ory, we have reached the important conclusion that the
problem still admits two possible fixed points: either the
theory remains a marginal non-Fermi liquid with loga-
rithmic corrections in the presence of electron-electron
interactions, or electron correlations drive the system to
another non-Fermi liquid fixed point obtained originally
by Furusaki and Nagaosa for the Kondo effect in a LL.
However, as in the case without e-e interaction [26], the
previous marginal non-Fermi liquid is unstable in pres-
ence of a small channel anisotropy δ = (λ1F−λ2F ). Adding
the corresponding term
HA = δ(J1L − J2L + J1R − J2R)S = δ(ǫLΦL + ǫRΦR)S,
(34)
to the Hamiltonian destabilizes the symmetric forward
scattering fixed point. As in the Kondo effect in a LL
[7] or the famous two-impurity model in a three dimen-
sional Fermi liquid environment [27], the LCBO J−1p Φp
(p = L,R) is excluded by parity conservation. We have
used the notations: ǫ = ǫLǫR. Here, ǫp enters as an al-
lowed boundary operator of scaling dimension ∆I = 1,
producing a one-channel (Fermi-liquid-like) fixed point,
ruled by the new selection rule δ∗ → +∞. There are now
three irrelevant leading operators of dimension 2, namely
J
1
LJ
1
L, J
1
RJ
1
R, J
1
LJ
1
R [7]. To conclude, either Fermi-liquid-
like [with triplet excitations driven by an SU(2)k=2 CFT]
or non-Fermi liquid a` la Furusaki-Nagaosa could be still
realized experimentally in multi-channel 1D quantum
wires or carbon nanotubes satisfying the geometry pre-
sented here.
Note also that the suppression of backscattering off the
impurity produces a low-energy physics identical to that
of the four-channel Kondo model.
Finally, λm = λF = λB 6= 0 seems also to be a relevant
[but not very realistic] perturbation. Indeed, passing to
an odd-even parity basis, (a, b) = 1/
√
2(ψ1 ± ψ2) [when
U → 0] the impurity couples only to the fermionic chan-
nel a. This also leads to a Fermi-liquid-like fixed point
or to the Furusaki-Nagaosa non-Fermi-liquid one.
A summary of various physical behaviors is given in
Table 1.
I thank A. Honecker for pointing out to me ref. [22]
and C. Schweigert for discussions on coset constructions.
[1] F.D.M. Haldane, J. Phys. C14, 2585 (1981).
[2] For reviews, see, e.g., H.J. Schulz, Int. J. Mod. B 5, 57
(1991); J. Voit, Rep. Prog. Phys. 58, 977 (1995).
[3] S. Tarucha, T. Honda and T. Saku, Solid State Commun.
94, 413 (1995); A. Yacoby, H.L. Stormer, N.S. Wingreen,
L.N. Pfeiffer, K.W. Baldwin and K.W. West, Phys. Rev.
Lett. 77, 4612 (1996).
[4] S. Iijima, Nature (London) 354, 56 (1991); A. Thess et
al., Science 273, 483 (1996).
[5] P. Fro¨jdh and H. Johannesson, Phys. Rev. Lett. 75, 300
(1995); Phys. Rev. B 53, 3211 (1996).
[6] P. Durganandini, Phys. Rev. B 53, R8832 (1996).
[7] K. Le Hur, Phys. Rev. B. 59, R11637 (1999).
[8] A. Furusaki and N. Nagaosa, Phys. Rev. Lett. 72, 892
(1994).
[9] A. Komnik and R. Egger, Phys. Rev. Lett. 80, 2881
(1998).
[10] M. Granath and H. Johannesson, Z. Phys. N 103, 225
(1997); Phys. Rev. B 57, 987 (1998).
[11] For a review, see, e.g., M.P.A. Fisher cond-mat/9806164.
[12] Spin interactions are rescaled to zero in the LL for U > 0.
[13] I. Affleck, Nucl. Phys. B336, 517 (1990).
[14] I. Affleck and A.W.W. Ludwig, Nucl. Phys. B352, 849
(1991); B360, 641 (1991).
[15] By comparison with ground state properties found with
Bethe Ansatz techniques in V.A. Fateev and P.B. Wieg-
mann, Phys. Rev. Lett. 46, 3 (1981); N. Andrei and C.
Destri, Phys. Rev. Lett. 52, 364 (1984); A.M. Tsvelik, Z.
Phys. 54B, 201 (1983).
[16] M. Fabrizio and A.O. Gogolin, Phys. Rev. B 50, 17732
(1994).
[17] I. Affleck, Phys. Rev. Lett. 56, 746 (1986).
[18] P. Goddard, A. Kent and D. Olive, Int. J. Mod. Phys. A
1, 303 (1986); Commun. Math. Phys. 103, 105 (1986).
[19] J. Ye, Phys. Rev. Lett. 77, 3224 (1996).
[20] Ph. Nozie`res and A. Blandin, J. Phys. (Paris) 41, 193
(1980).
[21] Y.L. Liu, cond-mat/9901032 (to appear in Phys. Rev. B).
[22] K. Totsuka and M. Suzuki, J. Phys. Condens. Matter 7,
6079 (1995).
[23] Y. Wang and J. Voit, Phys. Rev. Lett. 77, 4934 (1996).
[24] D.H. Lee and J. Toner, Phys. Rev. Lett. 69, 3378 (1992).
[25] V.J. Emery and S. Kivelson, Phys. Rev. B 46, 10812
(1992); D.G. Clarke, T. Giamarchi and B.I. Shraiman,
Phys. Rev. B 48, 7070 (1993); A.M. Sengupta and A.
Georges, Phys. Rev. B 49, R10020 (1994).
[26] M. Fabrizio, A.O. Gogolin and Ph. Nozie`res, Phys. Rev.
Lett. 74, 4503 (1995).
[27] I. Affleck, A.W.W. Ludwig and B.A. Jones, Phys. Rev.
B 52, 9528 (1995).
6
Impurity Susceptibility Specific heat Conductance/Resistivity Fixed point
λF 6= 0 and λB = 0 T−1/3 T 2/3 ρ ∝ T 1/3∗ 4-channel-like
λF = λB 6= 0 1- const. T (1/K)−1 G ∝ T (1/K)−1 Furusaki-Nagaosa
2- lnT T lnT ρ ∝
√
T
∗
2-channel-like, Or
If δ, λm 6= 0 const.∗ T ∗ ρ ∝ T 2∗ 1-channel-like
Table 1: Different fixed points and physical behaviors reported in this paper, for the Kondo effect in crossed Luttinger
liquids. Notations are explained in the text and ∗ is from ref. [14].
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